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ãèäðîäèíàìèêè
Ïîñâßùàåòñß 70-ëåòèþ ïðîôåññîðà Þðèß Áîðèñîâè÷à Çåëèíñêîãî
Èçâåñòíî, ÷òî â íåêîòîðûõ êîììóòàòèâíûõ àññîöèàòèâíûõ àëãåáðàõ
ýêñïîíåíöèàëüíàß ôóíêöèß, ïðè îïðåäåëåííîì âûáîðå áàçèñíûõ âåêòî-
ðîâ àëãåáðû, ßâëßåòñß ðåøåíèåì ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèß â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîßííûìè êîýôôèöèåíòàìè. Â äàí-
íîé ðàáîòå ïðåäëîæåíà ïðîöåäóðà, ïîçâîëßþùàß âûïèñàòü âñå êîìïî-
íåíòû ýêñïîíåíòû â ñïåöèàëüíîé êîììóòàòèâíîé àëãåáðå ïðîèçâîëü-
íîé, íàïåðåä çàäàííîé ðàçìåðíîñòè. Ýòî ïîçâîëßåò íàõîäèòü ðåøåíèß
îäíîãî óðàâíåíèß ãèäðîäèíàìèêè òðåòüåãî ïîðßäêà.
It is known that in some commutative associative algebras the exponential
function is a solution of linear partial diﬀerential equations with constant
coeﬃcients. In the present paper we propose a procedure allowing us to ﬁnd
all components of the exponent in a special N -dimensional commutative
algebra, where N is an arbitrary ﬁxed natural number. This allows us to
construct solutions of one hydrodynamic equation of the third order.
1. Ââåäåíèå. Ïóñòü A  N -ìåðíàß êîììóòàòèâíàß àññîöèà-
òèâíàß áàíàõîâà àëãåáðà íàä ïîëåì êîìïëåêñíûõ ÷èñåë C è ïóñòü
e1, e2, . . . , en, ãäå n ≤ N ,  íàáîð ëèíåéíî íåçàâèñèìûõ âåêòîðîâ â
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A. Îáîçíà÷èì ζ := xe1 + xe2 + · · ·+ xnen, ãäå x1, x2, . . . , xn ∈ R è îïðå-








Ïðîèçâîäíàß îò ôóíêöèè Φ(ζ) = exp ζ ïîíèìàåòñß êàê ôîðìàëü-
íàß ïðîèçâîäíàß ðßäà (1). Ñëåäîâàòåëüíî, ∂∂xk exp ζ = ek exp ζ,
k = 1, 2, . . . , n.
Ïóñòü k ∈ {0, 1, 2 . . . } =: Z+. Íàáîð α := (α1, α2, . . . , αn), αk ∈ Z+,
k = 1, 2, . . . , n, òàêîâ, ÷òî |α| := α1+α2 · · ·+αn = k. Ðàññìîòðèì îáùåå
ëèíåéíîå óðàâíåíèå ñ ïîñòîßííûìè êîýôôèöèåíòàìè









2 · · · ∂xαnn
.
Âñëåäñòâèå ðàâåíñòâà
E(u) = (E∗0 + E
∗









2 · · · eαnn ,




1 + · · ·+ E∗p = 0. (3)
Ïîñêîëüêó óðàâíåíèå (2) ëèíåéíîå, òî âñå êîìïëåêñíîçíà÷íûå êîì-
ïîíåíòû ðàçëîæåíèß ôóíêöèè exp ζ ïî áàçèñó àëãåáðû A òàêæå ßâëß-
þòñß åãî ðåøåíèßìè.
Èòàê, èìååì äâå çàäà÷è. Ïåðâàß  îïèñàòü âñå íàáîðû âåêòîðîâ
e1, e2, . . . , en, óäîâëåòâîðßþùèå õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ (3),
à âòîðàß  îïèñàòü âñå êîìïîíåíòû ôóíöèè exp ζ. Â êîíå÷íîìåðíîé
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àëãåáðå ðàçëîæåíèå ýêñïîíåíòû exp ζ ïî áàçèñó àëãåáðû íåñëîæíî âû-
ïèñàòü. Íî, âìåñòå ñ òåì, ïîíßòíî, ÷òî â êîíå÷íîìåðíîé àëãåáðå ðàçëî-
æåíèå ýêñïîíåíòû ïî áàçèñó àëãåáðû èìååò êîíå÷íîå êîëè÷åñòâî êîì-
ïîíåíò, à ïîýòîìó ïîðîæäàåò êîíå÷íîå ÷èñëî ðåøåíèé äèôôåðåíöè-
àëüíîãî óðàâíåíèß. Â òî âðåìß, êàê â áåñêîíå÷íîìåðíîé àëãåáðå ýêñïî-
íåíòà ïîðîæäàåò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé äàííîãî ëèíåéíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèß â ÷àñòíûõ ïðîèçâîäíûõ. Íî áåñêîíå÷-
íîìåðíîñòü àëãåáðû ñóùåñòâåííî çàòðóäíßåò íàõîæäåíèå êîìïîíåíò
ýêñïîíåíòû.
Â äàííîé ðàáîòå ïðåäëîæåíà ïðîöåäóðà ïîñòðîåíèß âñåõ êîìïîíåíò
ýêñïîíåíòû â ñïåöèàëüíîéN -ìåðíîé àëãåáðå äëß ëþáîãî íàòóðàëüíîãî
N . Êðîìå òîãî, ïðèâåäåííûå âûøå äâå çàäà÷è ïîëíîñòüþ ðåøåíû è
ïðèìåíåíû äëß ïîñòðîåíèß ðåøåíèé îäíîãî óðàâíåíèß ãèäðîäèíèìàêè
òðåòüåãî ïîðßäêà.
2. Ìîäåëüíîå óðàâíåíèå. Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó
óðàâíåíèé ãèäðîäèíàìèêè â ëàãðàíæåâûõ êîîðäèíàòàõ
Vt(t, x)− ux(t, x) = 0, ut(t, x) + px(t, x) = 0, (4)
p(t, x) = a− bV (t, x)− τpt(t, x) , a, b > 0, (5)
ãäå V (t, x), u(t, x), p(t, x)  îáúåì, ñêîðîñòü è äàâëåíèå, ñîîòâåòñòâåí-
íî, τ  âðåìß ðåëàêñàöèè, è ïðèíßòû îáîçíà÷åíèß Vt(t, x) := ∂V/∂t
è ò. ä. Óðàâíåíèß (4) ßâëßþòñß, ñîîòâåòñòâåííî, çàêîíàìè ñîõðàíå-
íèß ìàññû è èìïóëüñà è èìåþò äîñòàòî÷íî îáùèé õàðàêòåð. Ñèñòåìà
óðàâíåíèé äâèæåíèß (4) çàìûêàåòñß óðàâíåíèåì ñîñòîßíèß ñðåäû (5),
íåñóùåå èíôîðìàöèþ î êîíêðåòíîé ìîäåëè ãèäðîäèíàìèêè, î ñâîé-
ñòâàõ ñðåäû.
Ñëåäóåò îòìåòèòü, ÷òî äèíàìè÷åñêîå óðàâíåíèå ñîñòîßíèß (5) ßâ-
ëßåòñß ÷àñòíûì ñëó÷àåì ìîäåëè Êåëüâèíà  Ôîéãòà [1, c. 31] ëèíåéíîé
âßçêîóïðóãîé ñðåäû è èñïîëüçóåòñß ïðè îïèñàíèè âîëíîâûõ ïðîöåññîâ
â ãðóíòàõ è ãîðíûõ ïîðîäàõ ïðè ìàëûõ íàãðóçêàõ.
Óðàâíåíèå ñîñòîßíèß, ïîäîáíîå óðàâíåíèþ (5), ðàññìàòðèâàëîñü
òàêæå â ðàáîòå [2], ãäå èçó÷àëèñü àâòîìîäåëüíûå ðåøåíèß îäíîé îáùåé
ñèñòåìû óðàâíåíèé ãèäðîäèíàìèêè.
Îòìåòèì, ÷òî ñèñòåìà óðàâíåíèé (4),(5) ïðè äîñòàòî÷íîé äèôôå-
ðåíöèðóåìîñòè ôóíêöèé V , u, p ñâîäèòñß ê óðàâíåíèþ
D[V ](t, x) := Vttt(t, x) + αVtt(t, x)− βVxx(t, x) = 0, (6)
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ãäå α := 1/τ > 0, β := b/τ > 0.
Â ðàáîòå [3] ñ ïîìîùüþ êîììóòàòèâíîé àëãåáðû, èçîìîðôíîé àë-
ãåáðå äâîéíûõ ÷èñåë, îïèñàíû âñå ïîëèíîìèàëüíûå è àíàëèòè÷åñêèå
ðåøåíèß óðàâíåíèß (6). Â ýòîé ðàáîòå ñ ïîìîùüþ ýêñïîíåíòû â N -
ìåðíîé êîììóòàòèâíîé àëãåáðû ñòðîèòñß áåñêîíå÷íîå ìíîæåñòâî ðå-
øåíèé óðàâíåíèß (6) âèäà Vn(t, x) = Pn(t, x)e
at+bx, ãäå Pn  ïîëèíîì
ñòåïåíè n è a, b ∈ C; ïðèâåäåíû ïðîñòåéøèå ñâîéñòâà ýòèõ ðåøåíèé.
3. Âåêòîðû e1, e2. Ïóñòü An+1  (n + 1)-ìåðíàß êîììóòàòèâ-
íàß àññîöèàòèâíàß àëãåáðà íàä ïîëåì êîìïëåêñíûõ ÷èñåë C ñ áàçèñîì
{1, ρ, ρ2, . . . , ρn}, ãäå ρn+1 = 0 è n ≥ 1. Ïðè n = 1 ïîëó÷èì áèãàðìîíè-
÷åñêóþ àëãåáðó (ñì., íàïð., [46]). Àëãåáðà A3  îáúåêò èññëåäîâàíèß
ðàáîò [68]. Ïðè ëþáîì ôèêñèðîâàííîì n ≥ 3 ðàññìîòðåíà An â [9].









r , kr ,mr ∈ C. (7)
Ïóñòü ζ := te1 + xe2 ïðè t, x ∈ R. Â ñèëó ðàâåíñòâà
D[Φ](ζ) = e31Φ
′′′(ζ) + αe21Φ
′′(ζ)− βe22Φ′′(ζ) = (e31 + αe21 − βe22) exp ζ,
ôóíêöèß Φ(ζ) = exp ζ óäîâëåòâîðßåò óðàâíåíèþ (6), åñëè âåêòîðû
e1, e2 óäîâëåòâîðßþò ñîîòíîøåíèþ
e31 + αe
2
1 − βe22 = 0. (8)
Ïðîèçâîëüíûì îáðàçîì çàôèêñèðóåì íàòóðàëüíîå n. Â ýòîì ïóíê-
òå îïèøåì âñå ïàðû âåêòîðîâ e1, e2 àëãåáðû An+1, óäîâëåòâîðßþùèå
ñîîòíîøåíèþ (8).





























7 + · · ·+ k2kn−2ρn
)
+ · · ·
· · ·+ 2k[(n−1)/2]k[(n−1)/2]+1ρ2[(n−1)/2]+1,
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0 , B1 = 2k0k1 , B2 = k
2
1 + 2k0k2 , (9)
è â îáùåì ñëó÷àå



















r, î÷åâèäíî, ÷òî êîýôôèöèåíòû Cr îïðå-
äåëßþòñß ñîîòíîøåíèßìè























0 , D1 = 3k
2
0k1 , D2 = k0B2 + k1B1 + k3B0 , (12)
è â îáùåì ñëó÷àå
Dr = k0Br + k1Br−1 + · · ·+ krB0 , r = 0, 1, 2, . . . , n. (13)
Òàêèì îáðàçîì, ïðèíèìàß âî âíèìàíèå âñå ïðèíßòûå îáîçíà÷åíèß,
õàðàêòåðèñòè÷åñêîå óðàâíåíèå (8) ðàâíîñèëüíî ñèñòåìå óðàâíåíèé
Dr + αBr − βCr = 0 , r = 0, 1, 2, . . . , n. (14)
Ïðè ýòîì, ïðè êàæäîì r = 0, 1, 2, . . . , n r-å óðàâíåíèå ñèñòåìû (14)
ñîäåðæèò 2(r + 1) íåèçâåñòíûõ  ýòî k0, k1, . . . , kr,m0,m1, . . . ,mr. Òî
åñòü, ñèñòåìà èç n+ 1 óðàâíåíèé ñîäåðæèò 2(n+ 1) íåèçâåñòíûõ. Äëß
îïðåäåëåííîñòè, áóäåì ñ÷èòàòü kr, ïðè âñåõ r = 0, 1, 2, . . . , n, ïðîèç-
âîëüíûìè êîìïëåêñíûìè ÷èñëàìè è âûðàçèì ÷åðåç íèõ âñå mr. Äëß
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ýòîãî îòìåòèì, ÷òî â óðàâíåíèè (14) îò m ñ ðàçíûìè èíäåêñàìè çàâè-
ñèò òîëüêî Cr. Áîëåå òîãî, Cr = Cr(m0,m1, . . . ,mr). Òàêèì îáðàçîì,
èç íóëåâîãî óðàâíåíèß ñèñòåìû (14) ìû ìîæåì íàéòè m0, èç ïåðâîãî
óðàâíåíèß ñèñòåìû (14) íàõîäèì m1 è ò. ä., èç r-ãî óðàâíåíèß ñèñòåìû
(14) íàõîäèì mr.
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+ 2m1mr−1 + 2m2mr−2 + · · ·







Dr + αBr − β
(
2m1mr−1 + 2m2mr−2 + · · ·







Èñïîëüçóß ñîîòíîøåíèß (9), (12), èç ðàâåíñòâà (14) âûïèøåì íà÷àëü-












Òàêèì îáðàçîì, ðàâåíñòâà (15) è (16) ïîçâîëßþò ðåêóððåíòíîé ïðî-
öåäóðîé âûïèñàòü çíà÷åíèå mr ïðè âñåõ r = 0, 1, 2, . . . , n.
4. Ðàçëîæåíèå ýêñïîíåíòû. Èçâåñòíî (ñì., íàïðèìåð, [10,
ñ. 182]), ÷òî îïðåäåëåíèå ôóíêöèè exp ζ â âèäå ñóììû àáñîëþòíî ñõîäß-
ùåãîñß ðßäà (1) ðàâíîñèëüíî åå îïðåäåëåíèþ â âèäå ãëàâíîãî ïðîäîë-







ez(z − ζ)−1dz, (17)
ãäå γ  ñïðßìëßåìàß êðèâàß â êîìïëåêñíîé ïëîñêîñòè, îõâàòûâàþùàß
òî÷êó ξ0 := k0t+m0x.
Äëß òîãî, ÷òîáû âûïèñàòü ðàçëîæåíèå ýêñïîíåíòû â àëãåáðå An+1
ïî ôîðìóëå (17) íåîáõîäèìî ñíà÷àëà ïîëó÷èòü ðàçëîæåíèå ðåçîëüâåí-
òû (z − ζ)−1.
Ëåììà 1. Ðàçëîæåíèå ðåçîëüâåíòû èìååò âèä




r ∀ z ∈ C : z 6= k0t+m0x, (18)






ξra0 + ξr−1a1 + . . .+ ξ1ar−1
)




z − ξ0 è ξs := kst+msx, s = 0, 1, . . . , n.
Äîêàçàòåëüñòâî. Ïóñòü (z − ζ)−1 èìååò âèä (18). Äëß îïðåäåëå-
íèß êîýôôèöèåíòîâ ar çàìåòèì, ÷òî åëåìåíò z − ζ â áàçèñå àëãåáðû
{1, ρ, . . . , ρn} ïðåäñòàâëßåòñß â âèäå









Ñëåäñòâèåì ðàâåíñòâà (z − ζ)(z − ζ)−1 = 1 ßâëßþòñß ðàâåíñòâà
(z− ξ0)a0 = 1, (z− ξ0)a1− ξ1a0 = 0, (z− ξ0)a2− ξ1a1− ξ2a0 = 0,
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. . . . . . . . . . . . . . . . . . . . . . . . . . . .
(z − ξ0)an − ξ1an−1 − ξ2an−2 − · · · − ξna0 = 0,
èç êîòîðûõ âûòåêàþò ñîîòíîøåíèß (19). Ëåììà äîêàçàíà.
Î÷åâèäíî, ÷òî ar = ar
(
(z − ξ0)s, ξ1, . . . , ξr
)
, ãäå s = {2, 3, . . . , r + 1}.
Ââåäåì íåêîòîðûå îïðåäåëåíèß. Ïóñòü ϕ(z − ξ0, ξ1, . . . , ξr)  ïðî-
èçâîëüíàß êîìïëåêñíàß ôóíêöèß îò (r+ 1) êîìïëåêñíûõ ïåðåìåííûõ.
Îïðåäåëèì ëèíåéíûé îïåðàòîð P , êîòîðûé êàæäîé ôóíêöèè ϕ ñòàâèò
â ñîîòâåòñòâèå ôóíêöèþ îò r ïåðåìåííûõ ïî ïðàâèëó
Pϕ
(




(s−1)! , ξ1, . . . , ξr
)





(z − ξ0)2 + 2
ξ1ξ2









A0 := 1, Ar(ξ1, ξ2, . . . , ξr) := P ar
(
(z − ξ0)s, ξ1, . . . , ξr
)
(20)
∀ s ∈ {2, 3, . . . , r + 1}, r = 1, 2, . . . , n.
Ëåììà 2. Ñïðàâåäëèâî ðàâåíñòâî





ãäå êîýôôèöèåíòû Ar îïðåäåëåíû ðåêóððåíòíûìè ñîîòíîøåíèßìè
(20).
Äîêàçàòåëüñòâî. Ïóñòü exp ζ èìååò âèä (21). Îïðåäåëèì êîýôôè-





(z − ξ0)s+1 , (22)
ãäå Qs,r = Qs,r(ξ1, ξ2, . . . , ξr)  íåêîòîðûå ïîëèíîìû (ñð. ñ ëåììîé










































Ñðàâíèâàß ðàâåíñòâà (23) è (22) ïðèõîäèì ê âûâîäó, ÷òî Ar îïðå-
äåëßþòñß ñîîòíîøåíèßìè (20). Ëåììà äîêàçàíà.
Çàìå÷àíèå 1. Ñ èñïîëüçîâàíèåì ïðåäñòàâëåíèß (23) ìîæåò áûòü
äîêàçàíî ñëåäóþùåå ðåêóððåíòíîå ñîîòíîøåíèå






ξr−2A2 + · · ·+ 1
r
ξ1Ar−1 .
Âûïèøåì íåñêîëüêî ïåðâûõ ÷ëåíîâ ðàçëîæåíèß ýêñïîíåíòû:
exp ζ = eξ0
[












































ρ5 + · · ·
]
.
Ïîñêîëüêó ôóíêöèß exp ζ óäîâëåòâîðßåò óðàâíåíèþ (6), òî åå êîì-







òàêæå óäîâëåòâîðßåò óðàâíåíèþ (6). Ñôîðìóëèðóåì ýòî â ñëåäóþùåì
âèäå.
Òåîðåìà 1. Óðàâíåíèþ (6) óäîâëåòâîðßþò êîìïëåêñíûå ôóíêöèè
Vr(t, x) = Ar(t, x)e
ξ0(t,x) ïðè âñåõ r = 0, 1, . . . , n, (25)
ãäå ôóíêöèè Ar îïðåäåëßþòñß ðàâåíñòâàìè (20), ïðè ýòîì ξr(t, x) :=
:= krt+mrx, r = 0, 1, . . . , n, ãäå kr  ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà,
à êîýôôèöèåíòû mr îïðåäåëßþòñß ðåêóððåíòíûìè ñîîòíîøåíèßìè
(15) ñ íà÷àëüíûìè çíà÷åíèßìè (16).
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Çàìå÷àíèå 2. Äëß òîãî, ÷òîáû âûïèñàòü ðåøåíèå Vp óðàâíåíèß (6)
íåîáõîäèìî âûïèñàòü ôóíêöèè A0, A1, . . . , Ap, à äëß ýòîãî íóæíî èìåòü
çíà÷åíèßm0,m1, . . . ,mp. Äëß ïîñëåäíåãî, î÷åâèäíî, íóæíî ïðåîäîëåòü
òðè øàãà: 1) ïî ßâíûì ôîðìóëàì (10) âûïèñàòü B0, B1, . . . , Bp; 2) ïî
ßâíûì ôîðìóëàì (13) âûïèñàòü D0, D1, . . . , Dp; 3) ïî ðåêóððåíòíûì
ñîîòíîøåíèßì (15) âûïèñàòü çíà÷åíèß m0,m1, . . . ,mp.
Èìåß çíà÷åíèß m0,m1,m2, ìîæåì âûïèñàòü ïåðâûå òðè êîìïëåêñ-
íûå ðåøåíèß óðàâíåíèß (6). Òàêèì îáðàçîì, èìååì






















































ãäå ñðåäè çíàêîâ ± âûáèðàþòñß îäíîâðåìåííî ëèáî âåðõíèå ëèáî íèæ-
íèå çíàêè, à k0, k1, k2  ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà.
Óâåëè÷èâàß n, ìîæíî âûïèñàòü ñêîëü óãîäíî ìíîãî òî÷íûõ ðåøå-
íèé óðàâíåíèß (6).
Çàìå÷àíèå 3. Âûäåëßß â êîìïëåêñíîì ðåøåíèè Vr äåéñòâèòåëü-
íóþ è ìíèìóþ ÷àñòè, ïîëó÷àåì äâà äåéñòâèòåëüíûõ ðåøåíèß âè-
äà Vr,1 = Ur(t, x)e
λ(t,x) cosµ(t, x) òà Vr,2 = Rr(t, x)e
λ(t,x) sinµ(t, x),
ãäå Ur , Rr  íåêîòîðûå ïîëèíîìû ñòåïåíè r, à λ(t, x) := Re ξ0,
µ(t, x) := Im ξ0.
Çàìå÷àíèå 4. Ôîðìóëà (21) ïîçâîëßåò ïîëó÷èòü áåñêîíå÷íîå ìíî-
æåñòâî òî÷íûõ ðåøåíèé óðàâíåíèß (2). Äëß ýòîãî ëèøü íóæíî â àëãåá-
ðå An+1 âûïèñàòü âåêòîðû e1, e2, . . . , en, óäîâëåòâîðßþùèå õàðàêòåðè-
ñòè÷åñêîìó óðàâíåíèþ (3). Ïîäîáíîãî ðîäà çàìå÷àíèå ñäåëàíî â ìîíî-
ãðàôèè [13, c. 189190]. Êðîìå òîãî, îòìåòèì ðàáîòó [14], ãäå ýêñïîíåí-
òà èñïîëüçîâàëàñü â ðàçíûõ êîíå÷íîìåðíûõ àëãåáðàõ äëß ïîñòðîåíèß
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ðåøåíèé ñîîòâåòñòâóþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ.
5. Ñâîéñòâà ðåøåíèé. Îäíèì èç òðàäèöèîííûõ ìåòîäîâ ðå-
øåíèß ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ ßâëßåòñß ìåòîä ðàçäåëåíèß ïåðåìåííûõ èëè ìåòîä Ôóðüå, ñîãëàñ-
íî êîòîðîìó ðåøåíèå óðàâíåíèß (6) èùåì â âèäå
VF (t, x) = W (t)R(x). (27)
Ïîäñòàâëßß âûðàæåíèå (27) â (6), ïðèõîäèì ê ñèñòåìå óðàâíåíèé






ãäå λ  íåêîòîðàß êîìïëåêñíàß ïîñòîßííàß. Òàêèì îáðàçîì, ïðèõîäèì
ê îáùåìó ðåøåíèþ âèäà (27):









ãäå bs , dr  ïðîèçâîëüíûå êîìïëåêñíûå ïîñòîßííûå, à µs  êîðíè
óðàâíåíèß
µ3 + αµ2 − βλ2 = 0. (29)
Â ñëåäóþùåé òåîðåìå óñòàíàâëèâàåòñß ñâßçü ìåæäó ðåøåíèßìè âè-
äà (25), ïîëó÷åííûå ãèïåðêîìïëåêñíûì ìåòîäîì, è ðåøåíèåì âèäà
(28).
Òåîðåìà 2. Ðåøåíèå óðàâíåíèß (6), ïîðîæäåííîå ôóíêöèåé (26), ñîâ-






β = λ, ïîëó÷àåì
V0(t, x) = e
k0t±λx, ãäå λ è k0 ñâßçàíû ñîîòíîøåíèåì
k30 + αk
2
0 − βλ2 = 0. (30)
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ãäå k0,s, s = 1, 2, 3,  êîðíè óðàâíåíèß (30). Î÷åâèäíî, ÷òî
V˜0(t, x) ≡ VF (t, x) ïðè k0,s = µs. Òåîðåìà äîêàçàíà.
Òî åñòü, ëèøü íóëåâîå ðåøåíèå V0(t, x) ïî ñóùåñòâó ñîâïàäàåò ñ
ðåøåíèåì, ïîëó÷åííûì ìåòîäîì Ôóðüå, à âñå îñòàëüíûå ðåøåíèß âèäà
(25) èìåþò áîëåå îáùèé âèä.








= 0 ∀ n = 0, 1, 2, . . . , (31)
ãäå γ  ïðîèçâîëüíàß çàìêíóòàß æîðäàíîâà ñïðßìëßåìàß êðèâàß íà
ïëîñêîñòè tOx, ks  ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà, à ms  îïðå-
äåëåíû ðàâåíñòâàìè (15), ïðè s = 1, 2, 3.
Äîêàçàòåëüñòâî. Ñîãëàñíî àíàëîãó òåîðåìû Êîøè (ñì. Òåîðåìó 3
ðàáîòû [12]), ñïðàâåäëèâî ðàâåíñòâî
∫
γ
eζ dζ = 0. Ó÷èòûâàß îáîçíà÷å-

















Vr(t, x) dξs ρ
r+s = 0.
Ïðèðàâíèâàß ê íóëþ êîýôôèöèåíòû ïðè ρr+s, ïîëó÷àåì ðàâåíñòâî
(31). Òåîðåìà äîêàçàíà.
Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà
îáðàçîâàíèß è íàóêè Óêðàèíû (ïðîåêò  0116U001528).
Ñïèñîê ëèòåðàòóðû
[1] Ëßõîâ Ã.Ì. Âîëíû â ãðóíòàõ è ïîðèñòûõ ìíîãîêîìïîíåíòíûõ ñðåäàõ. 
Ì.: Íàóêà, Ãë. ðåä. ôèç.-ìàò. ëèò., 1982.  288 ñ.
[2] Danylenko V.A., Sorokina V.V., Vladimirov V.A. On the governing
equations in relaxing media models and self-similar quasiperiodic
solutions // J. Phys. A: Math. Gen.  1993.  26.  P. 7125  7135.
[3] Øïàêîâñêèé Â.Ñ. Ãèïåðêîìïëåêñíîå ïðåäñòàâëåíèå àíàëèòè÷åñêèõ ðå-
øåíèé îäíîãî óðàâíåíèß ãèäðàäèíàìèêè // Òðóäû ÈÏÌÌ ÍÀÍ Óêðà-
èíû.  2017 (ïîäàíà ê ïå÷àòè).
274 Â.Ñ. Øïàêîâñêèé
[4] Êîâàëåâ Â.Ô., Ìåëüíè÷åíêî È.Ï. Áèãàðìîíè÷åñêèå ôóíêöèè íà áèãàð-
ìîíè÷åñêîé ïëîñêîñòè // Äîêë. ÀÍ ÓÑÑÐ, Ñåð. À.  1981.   8. 
C. 25  27.
[5] Ãðèùóê Ñ.Â., Ïëàêñà Ñ.À. Ìîíîãåííûå ôóíêöèè â áèãàðìîíè÷åñêîé
àëãåáðå // Óêð. ìàò. æóðí.  2009.  61,  12.  C. 15871596.
[6] Plaksa S.A. Commutative algebras associated with classic equations
of mathematical physics, Advances in Applied Analysis, Trends in
Mathematics, Basel: Springer, 2012, P. 177  223.
[7] Ìåëüíè÷åíêî È.Ï., Ïëàêñà Ñ.À. Êîììóòàòèâíûå àëãåáðû è ïðîñòðàí-
ñòâåííûå ïîòåíöèàëüíûå ïîëß.  Ê.: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû,
2008.  230 ñ.
[8] Plaksa S.A. and Shpakovskii V. S. Constructive description of monogenic
functions in a harmonic algebra of the third rank // Ukr. Math. J.  2011. 
62, No. 8.  P. 1251  1266.
[9] Plaksa S.A., Shpakivskyi V. S. Monogenic functions in a ﬁnite-dimensional
algebra with unit and radical of maximal dimensionality // J. Algerian
Math. Soc.  2014.  1.  P. 1  13.
[10] Õèëëå Ý., Ôèëëèïñ Ð. Ôóíêöèîíàëüíûé àíàëèç è ïîëóãðóïïû.  Ì.:
Èçä-âî èíîñòð. ëèò., 1962.  829 ñ.
[11] Shpakivskyi V. S. Monogenic functions in ﬁnite-dimensional commutative
associative algebras // Zb. Pr. Inst. Mat. NAN Ukr.  2015.  12, No. 3. 
P. 251  268.
[12] Shpakivskyi V. S. Integral theorems for monogenic functions in commutative
algebras // Zb. Pr. Inst. Mat. NAN Ukr.  2015.  12, No. 4.  P. 313 
328.
[13] Rosculet M.N. Functii monogene pe algebre comutative.  Bucuresti, Acad.
Rep. Soc. Romania, 1975.  339 p.
[14] Pogorui A., Rodriguez-Dagnino R.M. Solutions of some partial diﬀerential
equations with variable coeﬃcients by properties of monogenic functions //
J. Math. Sci.  2017.  220, No. 5.  P. 624  632.
